Introduction. The purpose of this paper is to study noncommutative C*-algebras as Banach spaces. The Gelfand representation of an abelian C*-algebra as the algebra of all continuous complex-valued functions on its spectrum has made it possible to apply the techniques of measure theory and the topological properties of compact Hausdorff spaces to the study of such algebras. No such structure theory of general C*-algebras is available at present. Many theorems about the Banach space structure of abelian C*-algebras are stated in terms of topological or measure-theoretic properties of their spectra; although much work has been done of late in studying an analogous dual object for general C*-algebras, the generalization is far from exact. For this reason we shall confine our study primarily to W*-algebras in which the lattice of self-adjoint projections will be used as a substitute for the Borel sets of the spectrum of an abelian C*-algebra. Using a theorem of Takeda [15] we shall be able to extend some of our results to general
Remark. That (1) implies that K is wrc was first proved by Takesaki [16] . We include a proof of Takesaki's result for completeness.
Proof. By Remark 1.1 (1) and (2) are equivalent, so we only need to show that (1) implies that K is wrc, since the reverse implication is trivial. Consider K as lying in M*, and let/be in the weak* closure of Kin M*. Since Kis bounded, its weak* closure is weak* compact; so if we can show that/lies in F (considering F as lying in M*) we shall have proved the theorem. But by hypothesis the restriction of/ to a maximal abelian *subalgebra M' lies in F restricted to M'. Thus/S is singular, but/s is normal on each M'. Suppose there exists/) in P such that/s(/?)^0. Let {qe} be a maximal orthogonal family in P such that each qe, is ^p andfs(qe) = 0. Then by Proposition II. 1 we have that lub {qe}=p. If M' is a maximal abelian *subalgebra containing {qe} and p, then since/ is normal on M', we have/s(/>) =fs(lub{qe}) = 0. This contradicts fs(p)¿0. Thus/s(/?) = 0 for ¡dip in P, so/s=0 by the spectral theorem. Q.E.D.
Our next result goes in the other direction in that we give a condition which is superficially stronger than weak relative compactness. Parts of the proof are adaptions of an argument of Sakai [13] for a special case. If p is a self-adjoint projection in N, then p is IV. Some special algebras. In this section we shall restrict attention to some special C*-algebras and obtain sharper results than in the general case.
Dixmier [3] proves that B(H) is the dual of the space TC(H) of trace class operators on H with the duality given by a(f) = tr(/a) where a is in B(H),f is in TC(H), tr denotes trace, and (fa) is defined by operator multiplication. Now the operators {an} may be thought of as lying in either B(H) or TC(H). Set fn=a$, and consider the sequence {/"} in TC(H)
Theorem IV. 1. Suppose M satisfies the condition that for every p in P there exists q in P such that q^p, fl^O, and the algebra qMq is finite dimensional. Then given a sequence {/"} of positive functionals in F such that lim"_ "/"(/>) exists for each p in P, then there exists fin F such that Mm^^ ||/k-/|| =0.
C. A. ARE MANN [February
The next result concerns C*-algebras which are H/*-algebras only in the finitedimensional case. We shall consider dual rings (in the sense of Kaplansky [7] ) which are C*-algebras. First we shall need a definition and a result from [7] .
Definition. Let {Hx}xeX be a family of Hubert spaces. Let C{HX) denote the algebra of compact operators on Hx. The C«, direct product of the algebras {C{HX)} is the set A of all elements {ax} in the Cartesian product of the {C{HX)} with the following property: Given S>0, then {x : \\ax\\ > 8} is a finite set. A has a natural structure as a C*-algebra. Theorem (Kaplansky). Let A be a dual ring which is also a C*-algebra. Then there exists a family {Hx} of Hubert spaces such that A is isomorphic to the Coe direct product of the {C{HX)} as in the above definition.
We show that such C*-algebras share some very strong properties with abelian C*-algebras. The work for the abelian case was done by Grothendieck [6].
Theorem IV.2. Let N be a dual ring which is also a C*-algebra. Then a bounded set K in N* is wrc iff for each sequence {pn} of orthogonal self-adjoint projections in N we have that the limit of{f{pn)} = 0 uniformly for f in K.
Proof. Let N be the Cm sum of {C{He)}. Then it is easy to verify that N* is isometrically isomorphic to the Lx direct sum of {TC{He)}, where TC{He) is the Banach space of trace class operators on H". Also the second dual A7** of A7 is seen to be isometrically isomorphic to the complete bounded direct product of {B{He)}, where B{He) is the algebra of all bounded operators on He. Let K be bounded in TV*.
Since N** is a W*-algebra, if K is assumed to be wrc, the theorem follows from Theorem II.2. In closing we remark that many of the results have applications outside the scope of the present paper. As an example we note that Theorem III.2, combined with the method of [19] yields the following theorem. Let N be an A W*-algebra and P the set of self-adjoint projections in TV. Then TV' is a W*-algebra iff there exists a unitarily invariant, separating family K of positive functionals in N* such that P is complete in the uniformity generated by the seminorms |/(a*a)|1/2 for all/in K. Bibliography 
